We reformulate the statement of the Feit-Thompson theorem in terms of diagrams in the category of finite groups, namely iterations of the Quillen lifting property with respect to particular morphisms.
Introduction. Structure of the Paper
We reformulate several notions in finite group theory in terms of diagrams in the category of finite groups, namely being solvable, nilpotent, p-group and prime-to-p group, abelian, perfect, subnormal subgroup, injective and surjective homomorphism (see Fig. 1 and Fig. 2 ). These notions are enough to formulate the Feit-Thompson theorem.
These properties are obtained by iterating the same diagram chasing "trick" in the category of groups, often starting from a single morphism-counterexample; the "trick" is known as the Quillen lifting property and was introduced by Quillen [Qui] to axiomatise algebraic topology in terms of categories.
Our motivation was to formulate part of finite group theory in a form amenable to automated theorem proving while remaining human readable; [G1] tried to do the same thing for the basics of general topology.
In more detail, we reformulate these notions using the following four operations P ⋌ l , P ⋌ r , P 0→ * , P * →0 on the classes (properties) P of morphisms in a category. Left, resp. right, Quillen negation P ⋌ l , resp. P ⋌ r , of a property P is the class of all morphisms p l , resp. p r , such that p l ⋌ p, resp. p ⋌ p r , for all p ∈ P ; see Fig. 1 for the definition of the Quillen lifting property ⋌ :
are subcategories which contain no morphisms from P but isomorphisms; hence the terminology.
Classes P 0→ * , P * →0 denote the subclass consisting of morphisms from/to the terminal object 0, i.e. the trivial group.
Classes (P 0→ * )
⋌ l 0→ * = (P 0→ * ) l 0→ * , and (P 0→ * )
⋌ r 0→ * = (P 0→ * ) r 0→ * can described as classes of objects admitting no non-trivial map from/to the objects corresponding to P 0→ * .
We also say that a morphism f is left, resp. right, Quillen unlike P or P -unlike iff f ∈ P ⋌ l , resp. f ∈ P ⋌ r , and that f is left, resp. right,
In this notation our main observations are that a finite group G is soluble iff 0 −→ G lies in the class ((({F 2 −→ Z 2 }) A finite group G is perfect iff 0 −→ G is exemplified by ({F 2 −→ Z 2 }) or, equivalently, left unlike taking the commutator subgroup, i.
; in words, it is right (0 −→ Z/pZ)-unlike, resp. right unlike a (0 −→ Z/pZ)-unlike morphism.
are the classes of surjective and injective morphisms, i.e. a map is surjective, resp. injective, iff it is (0 −→ Z)-unlike, resp. (Z −→ 0)-unlike.
Little attempt has been made to go beyond these examples. Hence open questions remain: are there other interesting examples of lifting properties in the category of (finite) groups? Can a complete group-
The definition of a lifting property f ⋌ g: for each i : A −→ X and j : B −→ Y making the square commutative, i.e. f • j = i • g, there is a diagonal arrowj : B −→ X making
We say that f lifts wrt g, f left-lifts wrt g, or g right-lifts wrt f . (b) Right Quillen negation. The diagram defines a property Q of morphisms in terms of a property P ; a morphism has property (label) Q iff it right-lifts wrt any morphism with property P , i.e. Q = { p r : p ⋌ p r for each p ∈ P } (c) Left Quillen negation. The diagram defines a property P of morphisms in terms of a property Q; a morphism has property (label) P iff it left-lifts wrt any morphism with property Q, i.e.
theoretic argument be reformulated in terms of diagram chasing, say the classification of CA-groups or pq-groups, or elementary properties of subgroup series; can category theory notation be used to make expositions easier to read? Can these reformulations be used in automatic theorem proving? Is there a decidable fragment of (finite) group theory based on the Quillen lifting property and, more generally, diagram chasing, cf. [GLS] ? Examples of lifting properties outside of group theory may be found in a short note [DMG] in The De Morgan Gazette and [G1] .
This approach was motivated in part by hopes to express some statements of finite group theory in terms of diagrams in the category of finite groups, and then use automated diagram chasing to construct short formal proofs. Particularly important for our motivation was the fact that in the few examples of lifting properties we did find, it was the lifting property with respect to a simple counterexample in some intuitive sense, and that the lifting properties are closely related to the usual definitions.
2 Expressing properties of finite groups as diagrams. Figure 2 lists the diagrams representing the properties of groups. Below we describe the same diagrams, and make a couple of remarks about the diagram chasing and the notion of an inner automorphism and Sylow theory.
There is no non-trivial homomorphism from a group F to G, write
where a, b −→ a, b : ab = ba is the abelianisation morphism sending the free group into the Abelian free group on two generators; a group G is perfect,
equivalently, for an arbitrary homomorphism g,
Yet another reformulation is that, for each group S,
In the category of finite or algebraic groups, a group H is soluble iff G → H for each perfect group G, i.e.
Alternatively, a group H is soluble iff for every homomorphism f it holds
A prime number p does not divide the number elements of a finite group G iff G has no element of order p, i.e. no element x ∈ G such that
A finite group G is a p-group, i.e. the number of its elements is a power of a prime number p, iff in the category of finite groups
A group H is the normal closure of the image of N , i.e. no proper normal subgroup of H contains the image of N , iff for an arbitrary
A group D is a subnormal subgroup of a finite group G iff
i.e. D −→ G right-lifts wrt any map N −→ H such that H is the normal closure of the image of N ; the lifting property implies that D −→ G is injective. Recall that D is a subnormal subgroup of a finite group G iff there is a finite series of subgroups 
) right-lifts wrt any N −→ H such that H is the normal closure of the image of N ,
Sylow theorem implies in a finite group G, each p-subgroup is contained in a maximal one Syl p (G), Ord G/Ord Syl p (G) is prime to p, and the maximal p-subgroups are conjugated by an inner automorphism.
It is not clear how to express this in a satisfactory manner in terms of category theory (diagram chasing). Perhaps something along the following lines: (in the category of finite groups) each arrow 0 −→ G decomposes as We remark that the notion of an inner automorphism can be reformulated in a diagram chasing manner. An inner automorphism g −→ aga −1 of a group G extends to an automorphism h −→ ι(a)hι(a) −1 of a group H for any embedding ι : G −→ H. [Inn, Sch] show this is a characterisation: an automorphism σ : G −→ G is inner iff it extends to an automorphism of H for any embedding ι : G −→ H. See [Inn] and references therein for several more similar reformulations.
The Feit-Thompson theorem can be expressed as a combination of lifting properties: the theorem says says that each (finite) group of odd order is soluble, i.e. for each perfect finite group G and each finite group H,
Note that all these examples but the last one have a flavour of negation-a notion being defined by the lifting property with respect to the simplest counterexample. 
